Wavelengths, line strengths, and transition rates are calculated for the multipole (E1, M1, E2, M2, E3, and M3) transitions between the excited 6s 2 6p 5 nl and 6s6p 6 nl states and the ground 6s 2 6p 6 state in Ac 3+ , Th 4+ , and U 6+ Rn-like ions. Relativistic many-body perturbation theory (RMBPT), including the Breit interaction, is used to evaluate energies and transition rates for multipole transitions in these hole-particle systems. The RMBPT method agrees with multiconfigurational Dirac-Fock (MCDF) calculations in lowest order, includes all second-order correlation corrections, and includes corrections from negative-energy states. The calculations start from a [Xe]4f 14 5d 10 6s 2 6p 6 Dirac-Fock potential. First-order perturbation theory is used to obtain intermediate-coupling coefficients, and second-order RMBPT is used to determine the matrix elements. Evaluated multipole matrix elements for transitions from excited states to the ground states are used to determine the line strengths, transition rates, and multipole polarizabilities. This work provides a number of yet unmeasured properties of these actinide ions for various applications and for benchmark tests of theory and experiment.
Wavelengths, line strengths, and transition rates are calculated for the multipole (E1, M1, E2, M2, E3, and M3) transitions between the excited 6s 2 6p 5 nl and 6s6p 6 nl states and the ground 6s 2 6p 6 state in Ac 3+ , Th 4+ , and U 6+ Rn-like ions. Relativistic many-body perturbation theory (RMBPT), including the Breit interaction, is used to evaluate energies and transition rates for multipole transitions in these hole-particle systems. The RMBPT method agrees with multiconfigurational Dirac-Fock (MCDF) calculations in lowest order, includes all second-order correlation corrections, and includes corrections from negative-energy states. The calculations start from a [Xe]4f 14 5d 10 6s 2 6p 6 Dirac-Fock potential. First-order perturbation theory is used to obtain intermediate-coupling coefficients, and second-order RMBPT is used to determine the matrix elements. Evaluated multipole matrix elements for transitions from excited states to the ground states are used to determine the line strengths, transition rates, and multipole polarizabilities. This work provides a number of yet unmeasured properties of these actinide ions for various applications and for benchmark tests of theory and experiment. 
I. INTRODUCTION
Very few studies of actinide atom and ion properties have been carried out to date owing to difficulties in obtaining accurate theoretical descriptions of these systems and in experimental methodologies. The atomic properties of the actinides are also needed for the actinide chemistry models. The radon-like Th 4+ ion is the most common charge state of thorium in chemical compounds [1] . This work is motivated in part by recent experiments [2] [3] [4] [5] that investigated the spectroscopy of high-L Rydberg levels of actinide ions and the dipole and quadrupole polarizabilities. These measurements present an excellent opportunity for benchmark tests of a priori theoretical descriptions of such highly relativistic ions.
In 2010, binding energies of high-L Rydberg levels of Th
3+
were measured using the resonant excitation stark ionization spectroscopy (RESIS) technique by Hanni et al. [3] . Analysis of the data with the long-range polarization model was used to determine the dipole and quadrupole polarizabilities of the free Th 4+ ion, α d = 7.61 (6) a.u. and α Q = 47 (11) a.u. [3] . To improve the precision of these properties, rf spectroscopy was used to directly measure intervals separating n = 37 levels of Th 3+ with 9 L 15 in [4] . The resulting measurement improved the precision of the dipole polarizability by an order of magnitude but indicated that the previous report of the quadrupole polarizability was an overestimate [4] . The dipole polarizability of Th 4+ was determined to be α d = 7.720 (7) a.u., and the quadrupole polarizability was found to be α Q = 21.5 (3.9) a.u. In 2011, properties of Fr-like Th 3+ were determined from spectroscopy of high-L Rydberg levels of Th 2+ ions [5] .
The study of the high-L Rydberg levels of U 5+ using the RESIS technique [2] led to difficulties which were possibly caused by different numbers of metastable states in Th 4+ and U 6+ ions. Theoretical calculations of U 6+ atomic properties may aid further experimental studies.
The importance of metastable states for determination of polarizability in Yb 2+ ions was underlined in Ref. [6] . All states up to E = 53 736 cm −1 (counting from the ground state) that belong to either [Xe]4f 13 5d or [Xe]4f 13 6s odd configurations were considered [6] . Only three of these [Xe]4f 13 5d levels have total angular momentum J = 1 and, therefore, can decay to the ground state via strong electric-dipole transitions. As a result, all remaining 21 [Xe]4f 13 5d and [Xe]4f 13 6s levels with J = 0, 2-6 are metastable.
Very few studies of Rn-like ions have been carried out to date. Only the total binding energies and ionization potentials in Rn-like ions were presented in Refs. [7] [8] [9] [10] [11] [12] . Dirac-Fock total energies, ionization energies, and orbital energies for uranium ions were evaluated by Rashid et al. [9] . The total and ionization energies in Rn-like U 6+ were found to be equal to 761 540.14 and 88.45 eV, respectively. An ab initio pseudopotential and density-functional all-electron study of ionization and excitation energies of actinide atoms was performed by Liu et al. [10] . The ionization potential of Rn-like Ac 3+ ions was found to be equal to 43.78 eV. Recently, a systematic study of atomic binding energies in the Dirac-Fock (DF) approximation was presented by Rodrigues et al. [12] . The total binding energy (DF) of the isoelectronic series of radon with Z = 89, 90, and 92 was found to be −699 502, −719 769, and −761 482 eV, respectively.
In the present paper, we determine energies of the excited consider the 6s and 6p holes and the 5f , 6d, 7s, and 7p  particles leading to 30 even-parity 6s  2 6p  5 5f , 6s  2 6p  5 7p,  6s6p  6 6d, and 6s6p  6 7s excited states and 25 odd-parity  6s  2 6p  5 6d, 6s  2 6p  5 7s, 6s6p  6 5f , and 6s6p 6 7p excited states. In the present paper, we evaluate the corresponding energies, wavelengths, line strengths, and transition rates. We would like to underline that the RMBPT method is based on the relativistic many-body perturbation theory that agrees with MCDF calculations in lowest order, includes all secondorder correlation corrections, and includes corrections from negative-energy states.
II. METHOD
Details of the RMBPT method for hole-particle states were presented in Ref. [13] for calculation of energies, in Refs. [6, [13] [14] [15] [16] [17] [18] [19] for calculation of multipole matrix elements for transitions from excited states to the ground state, and in Refs. [6, [20] [21] [22] for calculation of multipole matrix elements for transitions between excited states. The calculations are carried out using a basis set of Dirac-Fock (DF) orbitals. The orbitals used in the present calculation are obtained as linear combinations of B splines. These B-spline basis orbitals are determined using the method described in Ref. [23] . We use 50 B splines of order 10 for each single-particle angular momentum state, and we include all orbitals with orbital angular momentum l 9 in our basis set.
For atoms with one hole in the closed shells and one electron above the closed shells, the model space is formed from holeparticle states of the type a † v a a |0 where a † i and a j are creation and annihilation operators, respectively, and |0 is the closedshell [Xe]4f 14 5d 10 6s 2 6p 6 ground state. The single-particle indices v and a designate valence and core states, respectively. For our study of low-lying 6p −1 nl and 6s −1 nl states of Rnlike ion, the values of a are 6s 1/2 , 6p 1/2 , and 6p 3/2 while the values of v are 5f 5/2 , 5f 7/2 , 6d 3/2 , 6d 5/2 , 7s 1/2 , 7p 1/2 , and 7p 3/2 .
To obtain orthonormal model states, we consider the coupled states J M (av) defined by
Combining the 6p j and 6s hole orbitals and the 5f 5/2 , 5f 7/2 , 6d 3/2 , 6d 5/2 , 7s 5/2 , 7p 1/2 , and 7p 3/2 particle orbitals, we obtain 28 even-parity states consisting of three J = 0 states, sevenJ = 1 states, eight J = 2 states, six J = 3 states, three J = 4 states, and one J = 5 state. Additionally, there are 24 odd-parity states consisting of three J = 0 states, seven J = 1 states, seven J = 2 states, five J = 3 states, and two J = 4 states. The distribution of the 72 states in the model space is summarized in Table I . Instead of using the 6p 
III. EXCITATION ENERGIES
In Table II , we illustrate the relative size of various contributions before diagonalization by using the example of the even-parity states 6p j 1 5f j 2 with J = 2 and odd-parity states 6p j 1 6d j 2 with J = 1 in Rn-like Th 4+ . The zeroth-, first-, and second-order Coulomb contributions E (0) , E (1) , and E (2) and the first-and second-order Breit-Coulomb corrections B (1) and B (2) are given. The importance of correlation contributions is evident from this table; the ratio of the first and zeroth orders (E (1) /E (0) ) is about 20-40%, and the ratio of the second and first (E (2) /E (1) ) orders is even larger at 20-60%. It should be noted that corrections for the frequency-dependent Breit interaction [24] are included in the first order only. The difference between the first-order Breit corrections calculated with and without the frequency dependence is small: 1-2%. The Breit corrections are almost two orders of magnitude smaller than the corresponding Coulomb corrections of the same order: the ratio of the first-order Breit and Coulomb corrections is 1-2%.
The ratio of nondiagonal and diagonal matrix elements is larger for the second-order contributions than for the first-order contributions. The first-order nondiagonal matrix elements are symmetric, but the second-order nondiagonal matrix elements are not symmetric. The values of E (2) [a v (J ),av(J )] and E (2) [av(J ),a v (J )] matrix elements differ in some cases by a factor 2 to 3 and occasionally have opposite signs. We now discuss how the final energy levels are obtained from the above contributions. To determine the first-order energies, we diagonalize the symmetric first-order effective Hamiltonian, including both Coulomb and Breit interactions. The firstorder expansion coefficient C N [av(J )] (often called a mixing coefficient) is the N th eigenvector of the first-order effective Hamiltonian, and E (1) [N] is the corresponding eigenvalue. The resulting eigenvectors are used to determine the second-order Coulomb correction E (2) [N], the second-order Breit-Coulomb correction B (2) [N], and the QED correction E LS [N ] . In Table III , we list the following contributions to the energies of six excited states in Th 4+ : the sum of the zeroth-and first-order energies
, the secondorder Coulomb energy E (2) , the second-order Breit-Coulomb correction B (2) , the QED correction E LS , and the sum of the above contributions E tot . The Lamb shift E LS is approximated as the sum of the one-electron self-energy and the firstorder vacuum-polarization energy. The vacuum-polarization contribution is calculated from the Uehling potential using the results of Fullerton and Rinker [25] . The self-energy contribution is estimated for the s, p 1/2 , and p 3/2 orbitals by interpolating among the values obtained by Mohr [26] [27] [28] using Coulomb wave functions. For this purpose, an effective nuclear charge Z eff is obtained by finding the value of Z eff required to give a Coulomb orbital with the same average r as the Dirac-Hartree-Fock (DHF) orbital. When starting calculations from relativistic DF wave functions, it is natural to use jj designations for uncoupled energy matrix elements; however, neither jj nor LS coupling describes the physical states properly. We find that the mixing coefficients are 0.5-0.8. Therefore, we still use the jj designations in Table III . As discussed above, the correlation corrections are large and have to be included in order to obtain accurate energy values for Rn-like Th 4+ ions. The second-order Coulomb contribution E (2) gives about 7-11% to the total values of the 6p j 5f j (2) energies and about 5-7% in the case of the 6p j 6d j (1) energies. Therefore, we expect energies to be accurate to few a 1000 cm −1 for the 6p j 5f j and 6p j 6d j states. Better accuracy is expected for higher states.
In Table IV , we compare our RMBPT results evaluated with different numbers of even and parity configurations to establish that the configuration space was chosen to be sufficiently large. We start our calculations with 6p5f even configurations and 6p6d odd configurations. This set of configurations is labeled set I. We note that, in RMBPT, energies are evaluated relative to the ground-state 6s 2 6p 6 configuration, so all states odd-and even-parity states relative to the ground state calculated in the first-order, second-order RMBPT (columns labeled RMBPT1 and RMBPT2, respectively) and Hartree-Fock relativistic methods implemented in COWAN code (column "COWAN"). The RMBPT values are evaluated with different configuration sets: I = 6p5f and 6p6d, II = 6p5f + 6p7p and 6p6d + 6p7s, and III = 6p5f + 6p7p + 6s6d + 6s7s and 6p6d + 6p7s + 6s5f + 6s7p. Values listed in the COWAN column are obtained including the configuration set that is equivalent to set III. Values listed in the "COWAN2" column are obtained including larger configuration sets: IV = 6pn 1 f + 6pn 2 p + 6sn 3 d + 6sn 2 s and 6pn 3 d + 6pn 2 s + 6sn 1 f + 6sn 2 p with n 1 = 5-9, n 2 = 7-9, and n 3 = 6-9. are of the hole-particle type. In our designations, the first nl indicates the hole state and the second nl indicates the particle state. In set II, 6p7p and 6p7s configurations are added and in set III 6snl configurations are added. Therefore, our largest set (set III) contains 6p5f + 6p7p + 6s6d + 6s7s even and 6p6d + 6p7s + 6s5f + 6s7p odd configurations. To show the size of the correlation contribution, we also included the data evaluated in the first-order approximation in the columns labeled "RMBPT1" in Table IV . These data are obtained as a sum of the E (0) , E (1) , and B (1) values (see caption of Table III) .
Our final second-order values are listed in the columns labeled "RMBPT2." The ratios of values in the RMBPT1 and RMBPT2 columns range from 1.2 to 1.6. We also include results obtained from the relativistic Hartree-Fock approximation (COWAN code) [29] 
5 7s + 6s6p 6 5f + 6s6p 6 7p. Therefore, the set of configurations is equivalent to our final set III. We also carried out additional calculations of the energies of Th 4+ odd-and even-parity states relative to the ground state evaluated by COWAN code using the large set of configurations: IV = 6pn 1 f + 6pn 2 p + 6sn 3 d + 6sn 2 s, 6pn 3 d + 6pn 2 s + 6sn 1 f + 6sn 2 p with n 1 = 5-9, n 2 = 7-9, and n 3 = 6-9. Results of our calculations are incorporated into Table IV in the additional column "COWAN2." We find very small differences, 0.003-0.5%, between results displayed in columns "COWAN1" and "COWAN2." Slightly larger differences, about 1%, are observed for the energies of the 6s 2 6p 5 6d 1 P 1 and 6s 2 6p 5 7p 3 D 1 levels. The scaling of electrostatic integrals in the COWAN code allows us to correct for correlation effects. In many systems, it leads to good agreement with experimental energies. We used the same scaling factor (0.85) for all electrostatic integrals. The 0.85 scaling factor was introduced for the first time by Fawcett et al. [30] . The authors explained that the 0.85 factor was found empirically to obtain results in good agreement with experiment. Later, the 0.85 factor was used in other publications. We note that this factor may not produce accurate results in all systems.
The differences between the RMBPT1 values for different numbers of configurations (columns 2, 4, and 6 in Table IV) are very small (about 0.1-0.8%). This means that configuration interaction (CI) does not significantly contribute in first-order RMBPT. The differences between the RMBPT2 values for different numbers of configurations (columns 3, 5, and 7 in Table IV ) are much larger (about 7-20%), indicating that including CI contribution leads to additional correlation correction.
As expected, the second-order correction (the difference between the RMBPT2 and RMBPT1 values) depends on the number of considered configurations. In the first case (I = 6p5f , 6p6d) the differences in the results given in columns 2 and 3 are about 1-11%, while the differences in the results given in columns 4 and 5, and 6 and 7 are about 9-28%. The differences between RMBPT2 6p5f and 6p6d values calculated with sets I and II are large for most of the states, indicating that set I, which includes mixing only within these configurations, is insufficient. The differences between sets II and III for the 6p5f and 6p6d configurations are small for most of the states.
The COWAN results are in better agrement with RMBPT1 values (about 1-5%). The differences of the COWAN results with our final RMBPT2 values are about 5-25%. We note that second-order RMBPT has a general tendency to overestimate the correlation correction. Full all-order treatment, which may be carried out within the framework of the coupled-cluster approach, is needed to improve the accuracy. It may be possible in the future to implement the hybrid configuration interaction + the linearized coupled-cluster method [31] for hole-particle states. This work provides a starting point for further development of theoretical methods for such highly correlated and relativistic systems.
Our RMBPT values presented in Table IV are ab initio values for the energy levels in Th 4+ . To the best of our knowledge, there are no experimental energy values for this ion.
In Table V , we list energies of odd-and even-parity configurations in Rn-like Ac 3+ and U 6+ calculated in firstorder and second-order RMBPT (RMBPT1 and RMBPT2, respectively). All values are given relative to the groundstate energy. The RMBPT values are evaluated including the following configurations: 6p5f + 6p7p + 6s6d + 6s7s and 6p6d + 6p7s + 6s5f + 6s7p. This set of states was used to evaluate energies in Rn-like Th 4+ given in columns 6 and 7 of Table IV (set III). The major difference of the level distribution in Rn-like Ac 3+ and U 6+ is in the placement of the metastable states relative to the ground state. In Rn-like U 6+ , the first eleven levels are metastable, while in Rn-like Ac 3+ , there is only one metastable level before the odd-parity level with J = 1. It should be noted that there are eight first metastable states in the case of Rn-like Th 4+ . The importance of the existence of the low-lying metastable states was discussed in the recent experimental work by Hanni et al. [2] .
IV. MULTIPOLE TRANSITIONS FROM EXCITED STATES TO GROUND STATE
The first 52 excited states in Rn-like Ac, Th, and U ions are 6s 2 6p 5 nl and 6s6p 6 n l states. There are 45 metastable levels with J = 0, 2-5, but only seven J = 1 levels that can decay to the ground state via electric-dipole transitions. Below, we consider all possible multipole (E1, E2, E3, M1, M2, and M3) transitions from the 6s 2 6p 5 nl and 6s6p 6 n l states to the 6s 2 6p 6 ground state in Rn-like Ac, Th, and U ions. We calculate the electric-dipole (E1) matrix elements for the transitions between the seven odd-parity 6p j 6d j (1), 6p j 7s(1), and 6s7p j (1) excited states and the ground state, magnetic-quadrupole (M2) matrix elements between the seven odd-parity 6p j 6d j (2), 6p j 7s(2), 6s5f j (2), and 6s7p j (2) excited states and the ground state, and electricoctupole (E3) matrix elements between the five odd-parity 6p j 6d j (3) and 6s5f j (3) excited states and the ground state.
The magnetic-dipole (M1) matrix elements are calculated for the transitions between the seven even-parity 6p j 5f j (1), 6p j 7p j (1), 6s6d j (1), and 6s7s(1) excited states and the ground state, electric-quadrupole (E2) matrix elements between the eight even-parity 6p j 5f j (2), 6p j 7p j (2), and 6s6d j (2) excited states and the ground state, and magneticoctupole (M3) matrix elements between the six even-parity 6p j 5f j (3), 6p j 7p j (3), and 6s6d j (3) excited states and the ground state. Analytical expressions in the first-and the second-order RMBPT are given by Eqs. (2.12)-(2.17) of Ref. [13] for the E1 matrix elements and in Refs. [15, 17, 18] for the M1, M2, M3, E2, and E3 matrix elements.
We refer to the first-and second-order Coulomb corrections and second-order Breit-Coulomb corrections to reduced multipole matrix elements as Z (1) , Z (2) , and B (2) , respectively, throughout the text. In Table VI , we list values of uncoupled first-and second-order E1, E2, E3, M1, M2, and M3 matrix elements Z (1) , Z (2) , and B (2) together with derivative terms P (derv) for Th 4+ (see Refs. [15, 17, 18] for detail). The importance of the correlation contribution is evident from this table; the ratio of the second and first orders, Z (2) /Z (1) , is very large for E1 transitions [25-35% for the 6p j 6d j (1) states and a factor of 2 to 3 for the 6s7p j (1) states]. However, the ratio of the second and first orders, Z (2) /Z (1) , is much smaller for the E2 and E3 transitions (10 and 5%, respectively). The Z (2) /Z (1) ratio for the M1 magnetic dipole transitions is about 15-20% for the two 6p j 7p j (1) states. We note that we do not list M1 transitions with almost zero value of the Z (1) matrix elements for the 6p 3/2 5f 5/2 (1), 6s6d 3/2 (1), 6s7s (1) states. The second-order Z (2) contributions for these states are comparable with the Z (2) contributions for the 6p j 7p j (1) states listed in Table VI . The ratio of the second and first orders, Z (2) /Z (1) , for the M2 and M3 transitions is about 10-20%. The E1, E2, E3, M2, M3, and M3 transition probabilities A r (s −1 ) for the transitions between the ground state and 6p j nl j (J ) and 6snl j (J ) states are obtained in terms of line strengths S (a.u.) and energies E (a.u.) as Tables VII and VIII , where we present wavelengths (inÅ), line strengths (S), and radiative rates (A r ) for the electric-multipole (E1, E2, and E3) and magnetic-multipole (M1, M2, and M3) transitions from 6pnl and 6snl states to the ground state in Rn-like Th 4+ , Ac 3+ , and U 6+ ions. Wavelengths, line strengths and radiative rates are calculated in first-and second-order RMBPT. As expected, we find substantial differences between first-and second-order MBPT results, which are given in the columns labeled "a" and "b." These differences give the value of the second-order correlation correction. We discuss results for Th 4+ ion first. The difference between results in Rn-like Ac 3+ (left columns) and U 6+ ions (right columns) is not only in the values of wavelengths, line strengths, and radiative rates but in the order of transitions. The study of the order of the first five energy levels given in Table V shows that the order of possible strongest decay channels is E1, M2, E3 for the Ac 3+ ion and M1, E2, and M3 for the U 6+ ion (the other two levels cannot decay to the ground state via any of the six transitions up to k = 3). 
The line strengths S(E1), S(E2), S(E1), S(E3), S(M1), S(M2), and S(M3)

V. GROUND STATE MULTIPOLE POLARIZABILITIES IN RADON-LIKE ACTINIUM, THORIUM, AND URANIUM IONS
The ground-state multipole polarizabilities are evaluated here in the DHF and random-phase approximation (RPA) [32] using the sum-over-states approach:
where C kq (r) is a normalized spherical harmonic and where al j include all core states in Rn-like ions from the 1s 1/2 up to 6p j states, nl j includes all valence states above the core, and k = 1, 2, and 3, for dipole, quadrupole, and octupole polarizabilities, respectively [33] . The quantities α E1 and α
E2
are dipole and quadrupole polarizabilities labeled α D and α Q in [4] . We also calculated parameters β D and γ D defined in [4] as
where D is the dipole operator. All sums are carried out with the finite basis set described above, making the sums finite TABLE VIII. Wavelengths (λ inÅ), line strengths (S in a.u), and radiative rates (A r in s −1 ) for the electric-multipole (E1, E2, and E3) and magnetic-multipole (M1, M2, and M3) transitions from 6pnl and 6snl states to the ground state in Rn-like Ac 3+ and U 6+ ions. The wavelengths, line strengths, and radiative rates calculated in the first-order RMBPT are listed in columns labeled "(a)." The second-order RMBPT results are listed in columns labeled "(b)." Numbers in brackets represent powers of ten.
Wavelength Line strength
Transition rate Wavelength Line strength Transition rate (with n max = 50). The reduced matrix elements in the above sum are evaluated using both the DF and RPA approximations.
In Table IX [34] . We discuss this analysis in the next section. Unfortunately, such an analysis could not be carried out for the quadrupole polarizabilities. Our RPA E1 polarizability value for Th 4+ is in excellent agreement with experimental result of [4] . Our DF value for the quadrupole polarizability is consistent with the experimental results, while the RPA value is somewhat larger.
VI. UNCERTAINTY ESTIMATES AND CONCLUSION
Comparison of the RMBPT1 and RMBPT2 energies and transition rates presented in Tables IV, V , VII, and VIII gives us the first rough estimates of the uncertainties of our results because it gives the second-order correlation correction. The differences in the RMBPT1 and RMBPT2 values are about 8% for energies, about 50% for the largest values of transitions rates A r , and a factor of 2 for the smallest values of A r . The third-order corrections for the energies and transition rates were evaluated for monovalent atomic systems (see, for example, Refs. [38] [39] [40] ). The differences between the RMBPT3 and RMBPT2 energies were about 2-3% for Ba II, Sr II, and Hg II ions. In addition, we evaluated the energies and wavelengths in Rn-like Ac, Th, and U ions using the COWAN codes. These results are between our RMBPT1 and RMBPT2 values (see Table IV ).
To check the accuracy of our RPA results for the electricdipole polarizability, we compare in Table X the RPA values for other relevant heavy systems with theoretical results obtained by more sophisticated coupled-cluster approaches. The calculated static polarizabilities of the doubly charged Ba and Ra at the nonrelativistic, relativistic Douglas-Kroll and Dirac-Coulomb level of theory were presented by [36] . The relativistic effects for static polarizabilities α of rare gas atoms (Xe and Rn) were investigated theoretically with the third-order Douglas-Kroll method [37] . In columns "RPA" and "CC" of Table X we present results from Refs. [35] [36] [37] . In columns "RPA vs DF" and "RPA vs CC," we give the difference of the corresponding values in percent, relative to the RPA values. From this comparison, we can expect the RPA value for the dipole polarizability to be accurate to about 5%. The difference between DF and RPA for Rn-like Ac 3+ , Th 4+ , and U 6+ increases from 13.3% for Ac 3+ up to 18.9% for U 6+ , demonstrating the importance of relativistic effects in the calculation of ground-state polarizability.
We have presented a systematic second-order relativistic MBPT study of excitation energies, reduced matrix elements, and transition rates for multipole transitions in Rn-like Ac 3+ , Th 4+ , and U 6+ ions. Our multipole matrix elements include correlation corrections from Coulomb and Breit interactions. We determine the energies of the 6p j 5f j (J ), 6p j 6d j (J ), 6p j 7s(J ), 6p j 7p j (J ), 6s5f j (J ), 6s6d j (J ), 6s7s(J ), and 6s7p j (J ) excited states. Wavelengths, line strengths, and transition rates were evaluated for the 40 multipole matrix elements for transitions from excited states to the ground state. Ground-state multipole polarizabilities in Rn-like actinium, thorium, and uranium ions were calculated in the DF and RPA approximation. Our RMBPT results presented in this paper are ab initio calculations of energies and transition rates in Ac 3+ , Th 4+ , and U 6+ ions. This work provides a starting point for further development of theoretical methods for such highly correlated and relativistic system.
